
JOURNAL OF PROPULSION AND POWER

Vol. 19, No. 5, September–October 2003

Multi-Element Unstructured Methodology
for Analysis of Turbomachinery Systems

Vineet Ahuja,¤ Jeremy D. Shipman,† S. Arunajatesan,† and Ashvin Hosangadi‡

Combustion Research and Flow Technology, Inc., Pipersville, Pennsylvania 18947

In recent years unstructured mesh techniques have become popular for computational � uid dynamics analysis
of external aerodynamic-type problems. The main advantages of such an approach include mesh generation over
complex domains, grid adaptation in localized areas, and accuracy in ef� ciently identifying complexities in local
� ow physics. A hybrid unstructured methodology is used to carry out simulations for predominantly internal
� ow turbomachinery applications. Issues related to skewness and other constraints of tetrahedral meshes are
addressed in the context of turbomachinery-based propulsive � ows that exhibit a rich variety of length scales and
timescales, as well as interesting � ow physics. The unstructured framework permits the generation of a contiguous
grid without internal boundaries between different components of a turbomachinery system and provides good
local resolution in regions where the � ow physics becomes important. The increased numerical stability resulting
from these factors coupled with the parallel solution framework yields an ef� cient solution procedure for complex
turbomachinery � ows. Numerical results are presented and compared against experimental measurements for a
transonic diffuser–volute con� guration and a high Reynolds number pump.

Nomenclature
C1; C2 = modeling constants in turbulent dissipation rate

equation
D = chemical turbulent source term
E = total internal energy per unit volume
F = inviscid � ux vector representingvolumetric � ux
f1 , f2, f¹ = low Reynolds number empirical modeling

functions
G = viscous � ux vector through each dual face
k = turbulent kinetic energy
N = normal dual vector area
nx , n y , nz = components of normal duct vector area
P = pressure
Q = vector of dependent variables
Sk , S" = source terms for turbulent kinetic-energyand

turbulent dissipation rate equations resepctively
U = countervariantvelocity along dual normal
Ur = velocity of control volume dual fare
u; v; w = velocity along coordinate directions
" = turbulent dissipation rate
¹T = turbulent viscosity
½ = density
½i = partial densities for chemical species
½k = prediction term in turbulent kinetic energy

equation

I. Introduction

T URBOMACHINERY plays a critical role in maintaining the
ef� ciencyof propulsionsystems,heat pump systems,etc. Opti-

mizing performance of the turbomachinerycomponents associated
with these systems such as impellers, diffusers,and volutes requires
an accurateanalysisof the complexphysicalphenomenasuchas sec-
ondary � ows, blade–wake interaction, tip leakage, and cavitation.

Received 5 August 2002; revision received 4 April 2003; accepted for
publication 30 April 2003. Copyright c° 2003 by the authors. Published
by the American Institute of Aeronautics and Astronautics, Inc., with per-
mission. Copies of this paper may be made for personal or internal use,
on condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0748-4658/03 $10.00 in correspondence with the CCC.

¤Research Scientist, 6210 Keller’s Church Road. Senior Member AIAA.
†Research Scientist. Member AIAA.
‡Principal Scientist. Member AIAA.

Furthermore, the coupling between the various components (multi-
ple bladerows, inducer–impeller, and impeller–diffuser)can play an
important role in improving/hamperingef� ciencyof the system.For
example, the inlet � ow distortionfrom the impeller can feed into the
diffuser–volute thereby changing the performance characteristics.
Therefore, there is a push in the computational community toward
developinggeneralizedmethodology for the concurrent analysesof
the multiple components of the system.

The rapidevolutionof parallelhardwaretechnologyhaspermitted
the use of unstructuredcomputational � uid dynamics (CFD) analy-
sis as a viable option for large-scale computations of complex tur-
bomachineryapplications.Traditionally,unstructuredmethodology
was developed for external aerodynamics-type problems. This led
to the developmentof unstructuredmesh generationalgorithms, for
example, advancingfront1;2 and Delaunay triangulation(see Refs. 3
and 4), that could very ef� ciently generate tetrahedral meshes for
complexcon� gurationssuch as entire aircraft.In particular,unstruc-
tured methodology allows for ef� cient grid generation of complex
shapesthat incorporatemulti-componentsystems,where interfacing
betweenthedifferentcomponentshas traditionallybeenchallenging
for structuredgrid techniques.For instance, the cut-water or tongue
region in a diffuser–volute con� gurationcan be dif� cult to grid with
a structured approach without either distorting the grid cells or in-
troducing a singularity in the grid topology. Such a mesh can be
easily generated utilizing an unstructured approach without any in-
ternal boundariesor skewed cells. Furthermore, grid adaptationcan
be readily used to improve the resolution locally in the mentioned
cut-water or tongue region of a volute–diffuser and, thereby, the
accuracy in localized regions of the � ow domain where the � ow
physics dominates (pressurizationand local � ow accelerationin the
tongue region).

The primary purpose of this paper is exploration of the unstruc-
tured grid philosophy in analysis of internal � ow problems, partic-
ularly those associated with turbomachinerysystems. Unlike prob-
lems in external aerodynamics, most turbomachinery systems are
either con� ned by viscous boundaries, for example, blades, hub,
shroud, diffuser walls, etc., or dominated by viscous phenomena,
such as wakes shedding off blade surfaces. There are many chal-
lenges associated with the extension of the traditional unstructured
methodology (tetrahedral cells) to turbomachinery-typeproblems:
First, tetrahedral cells are very inef� cient in resolving � ow phe-
nomena where the dominant physical phenomena exhibit gradients
in one direction, for example, shear layers, wakes, plumes etc. The
issues related to the degradation of accuracy of skewed triangular/
tetrahedral elements have been discussed by Babushka and Aziz5
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and have also been reported by Mavriplis.6 For problems such as
shear layers that exhibit directionalgradients in the interior of com-
putationaldomains,structuredhexahedralelementsofferan ef� cient
alternativebecause these cells can be easily stretched to high aspect
ratios to resolve the local physics in the dominant direction with
little loss of accuracy. Tetrahedral cells, on the other hand, degrade
in accuracy as they are distorted or skewed, and the reasonableway
to resolve local gradients is by generatingsmall near isotropic tetra-
hedral elements (with minimum distortion).This leads to the second
challenge of maintaining a manageable size mesh while providing
for suf� cient resolution for resolving local phenomena. This prob-
lem is further exacerbated in certain turbomachinery geometries
such as diffusersand volutes that are enclosed in viscous walls with
severe topological constraints.

In this paper, we use a multi-element approach wherein an opti-
mal use of tetrahedral, prismatic, pyramidal, and hexahedral cells
are used to solve � ows ef� ciently in complex turbomachinery sys-
tems. The motivation stems from the use of tetrahedral elements
in resolving geometrical complexity, extrusion of prismatic layers
from triangulated boundaries in resolving boundary-layerphenom-
ena, and high aspect ratio hexahedral elements providing adequate
clustering in local regions of high gradients, such as free shear lay-
ers and narrow viscous cross sections like those in diffusers. An
example illustrating our point is shown in Figs. 1 and 2. Figure 1a
shows the diffuser–volute geometry for which analyses will be car-
ried out in the course of this paper. Two multi-element grids were
generated for this diffuser-volute con� guration. The � rst grid con-
sists of a tetrahedral surface discretizationwith prismatic extrusion
to resolve the boundary layers along the walls (Fig. 1b). The sec-
ond strategy involves hexahedral discretization of the diffuser sec-
tion with tetrahedral/prismatic discretization of the volute section
(Figs. 2a and 2b).

The unstructured framework associated with analysis of mul-
ticomponent turbomachinery systems has been incorporated in
the unstructured/multi-element solver called CRUNCH CFD. The
CRUNCH CFD code7¡9 allows for solution of the Navier–Stokes
equations on hybrid, multi-element unstructured meshes that in-
clude a combination of tetrahedral, prismatic, pyramid, and hexa-
hedral cells. Because the algorithm utilized in the CRUNCH CFD
framework is edge based, the � ux computation is essentially grid
transparent.No additionalcosts are accrued in the inviscid � ux con-
struction for the different elements that are used. Such an approach
gives� exibilityin griddingcomplexshapesor combinationsof com-
plex shapes with different elements without the computationalcosts
associated with utilization of different elements, for example, cell-
centered schemes.Computationsare performedef� cientlyon paral-
lel distributedcomputingplatforms usingmessagepassinginterface
(MPI), and robustness is achieved through the use of implicit time-
integration algorithms [gradual minimum residual (GMRES) and
Gauss–Siedel)]. Convergenceacceleration is achieved by the use of
preconditioningmethods.

Results are presented for a diffuser–volute con� guration that is
part of a centrifugal compressor onboard a ship air-conditioning
system. The compressor was redesigned to use HCFC-124 refrig-
erant as a replacement to CFC-114, as part of a push toward envi-
ronmentally friendly refrigerants. However the redesigned system
underperformed relative to the design point, and detailed numeri-
cal simulations are being used to better understandthese losses.10;11

The inlet conditions to the diffuser comprise � ow with a very high
swirl velocity and a turbulent � ow� eld. The solution in this study
was obtained with a hybrid prismatic-tetrahedralgrid, where pris-
matic layers were put next to wall surfaces to resolve the boundary
layer. Pressure pro� les at various locations in the diffuser as well
as on the volute surface compared well with experimentaldata. The
numerical resultshave been analyzed to better understandthe losses
occurring in this con� guration.

The secondset of simulationspertains to a high Reynoldsnumber
pump. The pump consistsof a 13-bladeinlet guidevane (IGV) and a
sweptback 7-bladed rotor with tip clearance.Detailed comparisons
with experimentaldataarepresentedin thispaper.This case is a good
example of multiple blade rows simulations where complex � ow

Fig. 1a Diffuser–volute con� guration.

Fig. 1b Hybrid tetrahedral–prismatic contiguous grid for the
diffuser–volute con� guration.

phenomenasuch as blade–vortex interaction,tip vortex leakage,and
� ow separation are present. In the next section a brief overview of
the numerical method is provided. This is followed by a discussion
of the results for the diffuser-voluteand the high Reynolds number
pump and the comparisons with the experimental data. The last
section summarizes our effort and conclusions that can be drawn
from the application of multi-element methodology to the class of
turbomachinery � ows.
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Fig. 2a Hybrid hexahedral–tetrahedral grid for diffuser–volute
con� guration.

Fig. 2b Blowup of hexahedral–tetrahedral interface showing contin-
uous grid along the diffuser–volute junction.

II. Numerical Method Overview
Equations and Basic Numerics

The CRUNCH CFD code7¡9 is a hybrid-element, that is tetra-
hedral, prismatic, pyramid, and hexahedral cells, unstructured � ow
solver for viscous, real gas systems, as well as multi-phase gas–
liquid systems. It allows for generalizedthermochemistryspeci� ca-
tion, permits dynamic grid motion, and has a coupled two-equation
turbulencemodel. CRUNCH CFD is formulated for an edge-based
data framework (following Barth12;13) where the solution is saved
at the cell vertex and a dual control volume is de� ned by cutting
across all edges coming to a node (Fig. 3).

Such an edge-based formulation is attractive when dealing with
multi-elements because the dual surface associated with an edge
can include contributions from different element types resulting in
a grid transparent framework for inviscid � ows. For ef� cient com-
putation of large three-dimensionalproblems, a parallel framework
for distributed memory systems has been implemented along with
a sparse matrix (GMRES) solver,9 thereby providing an advanced
computational tool.

Fig. 3 Schematic indicating control volume and associated dual vol-
ume: ——, mesh; ——, median dual; and - - - -, centroid dual.

The governing equations are written in � nite volume form for
each vertex dual as follows:
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Following the standard notation, Q is the vector of dependent vari-
ables, F (Q, n) is the inviscid � ux vector, G(Q, n) is the viscous � ux
vector, and D is the chemical/turbulent source term. The vectors Q,
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A second-order linear reconstruction procedure (following
Barth12) is employed to obtain a higher-order scheme. The higher-
order variables need to be limited to yield a total variation dimin-
ishing scheme. We note that the inviscid � ux procedure as outlined
here is grid transparent;given a dual area associatedwith each edge
the details of the different element types contributing to this edge
are not relevant.

The viscous � uxes are computed by estimating the gradients (or
stresses) at the cell faces and then performing a Green–Gauss inte-
gration of the stresses around each dual volume. (See Ref. 14 for
details.)For hexahedralcells where the edge vectors are not skewed
relative to the cell faces, an edge-based viscous � ux procedure can
be derived. However, for tetrahedral cells where edge skewness is
substantial, the edge-based procedure fails, particularly for the k–"
equations, and is re� ected in incorrect turbulent viscosity levels.
For tetrahedral cells, a cell-based procedure has been implemented
which that remedies this problem.

Turbulence Modeling
The standard high Reynolds number form of the k–" equa-

tions forms the basis for turbulence modeling in CRUNCH. Trans-
port equations for the turbulent kinetic energy and its dissipation
rate are solved along with the basic momentum and energy equa-
tions. These equations, with supplemental low Reynolds number
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Re terms, are
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where, ¾k , ¾" , C1 , and C2 are the modeling constantsand f1, f2 , and
f¹ are low Reynolds number Re (near-wall) empirical modeling
functions that equal unity in the high Reynolds number form.15

Solution Procedure: Parallel, Implicit Framework
For ef� cient computation of large three-dimensional problems,

a parallel framework for distributed memory systems has been im-
plemented along with an implicit solution procedure for the sparse
implicit Jacobian matrix. The parallel framework is implemented
by partitioning the grid into subdomains with each subdomain re-
siding on an independent processor. Because the solution is solved
for at the cell vertex, the control volume for the nodes lying on
the interprocessorboundaries may span across processors. The net
� ux for the interprocessor nodes are obtained by summing up the
� uxes computed independently on each processor, and hence, the
explicit � ux is identical to the single-processorsolution.14 The mes-
sage passing between processorshas been implemented using MPI
to provide portability across various platforms.

The implicit solution procedure currently employs a GMRES
solver with a preconditioning matrix using distance-one-neighbor
bandwidth.Currently,theapproximateJacobianfor theRoe-average
� ux is taken, and this together with the sparseness of the precondi-
tioning matrix may affect the stability of the inversion procedure.

III. Simulation Results
Simulation of a Vaneless Diffuser-Volute System

We present results for a vaneless diffuser–volute con� guration
that is part of a 1.5 million Btu/h centrifugal compressor on a ship-
based air-conditioning system. This compressor was redesigned
to accept the environmentally friendly refrigerant HCFC-124. The
compressor consists of two rows of IGVs, a vaneless diffuser, a vo-
lute, and its discharge diffuser. The radius ratio of the vaneless dif-
fuser exit to the impeller exit is 1.52. The inlet width of the vaneless
diffuser is 0.35 in., and the exit width is 0.1425 in. The compressor
was tested at the Centrifugal Compressor Development Facility at
the Annapolis Laboratory of the David Taylor Model Basin. A total
of 40 static pressure taps were installedalong the front plate and the
back plate.They were distributedalong the complete volutepassage
with a concentrationof the pressure taps in the cut-water region.5

The measured performance of this compressor was found to be
below the design speci� cation. An analysis of the system compo-
nent performance5 indicates that the volute contains the largest area
of loss in the compressor that results in the underperformance of
the system. Hence detailed numerical studies have been carried
out to better understand the causes of the losses in the volute.
(Mavriplis6 gives details on an earlier structured simulation for a
similar con� guration.)

In the present study, a tetrahedral–prismatic grid with approx-
imately a million tetrahedral cells and 20,000 prismatic cells was
generated.Weobservethat anunstructuredapproachalleviatessome
of the dif� culties associatedwith structuredgrid generation for this
problem. First, no internal periodic boundaries exist at the volute–
diffuser interface, which is gridded through. Second, the cut-water
region, which poses topological dif� culties for the structured case,
is handledeasily here, and a high-resolutiongrid is obtained locally
to resolve the high gradients expected in this region.

The � ow conditionsare transonic for this problemwith the in� ow
to the diffuser havinga Mach numberof 1.0. The total velocitymag-
nitudeat thediffuserin� ow is 128m/s with the tangentialcomponent
of the velocity accounting for 96% of this velocity magnitude. The

temperature of the refrigerant is 302 K, and at this temperature the
gamma has a low value of 1.12. The density of the refrigerant is
21.452 kg/m3, and the Reynolds number of the � ow is 3:17EC07.
Given the high swirl conditions and the transonic � ow conditions,
the boundary conditions become crucial in obtaining the correct
results. In the present calculation, the in� ow mass � ux, stagnation
temperature, and tangential velocity component were speci� ed at
the diffuser inlet, and a constant pressure was enforced at the vo-
lute exit. For the stagnation temperature and tangential velocity, a
uniform pro� le was speci� ed. Enforcing the mass � ux boundary
condition was found to be crucial in not generating pressure waves
particularlybecause the swirl velocityhas such a high value and yet
does not contribute to the mass � ux. We note that the calculation
presented here was computed on 32 nodes of a CRAY T3E system
using the GMRES procedure. The calculation took 12 h of wall
clock time to converge.

The simulations show strong twisting action and vorticity gener-
ation in the volute. Consequently, there is an impetus to turbulence
generation, which is re� ected in the higher turbulent viscosity val-
ues at this location (Fig. 4). Thus, clearly, the shape of the volute
cross section and the associatedmixing losses from the � ow turning
from the diffuser are impacting the performance of the volute. In
particular, conventional volute design theory that assumes uniform
� ow along the diffuser cross section is no longer valid.

The pressure contours (Fig. 5) show a smooth, fairly symmet-
rical pressurization as the � uid travels radially from the diffuser.

Fig. 4 Turbulent viscosity contours in diffuser–volute; turbulent vis-
cosity levels plotted as a ratio of laminar viscosity.

Fig. 5 Pressure contours along a cross section of the diffuser–volute
system.



AHUJA ET AL. 949

However, the cut-water region and the junction region of the
discharge diffuser with the volute exhibit strong pressure vari-
ation. This region has a complex � ow pattern with the follow-
ing different streams of � uid interacting here: 1) � uid traveling
along volute surface, 2) � uid coming directly from lower half
of the diffuser, and 3) � uid coming through from the cutoff re-
gion. The con� uence of these different streams imparts a swirl
to the � uid as it enters into the discharge diffuser, which could
potentially impact the design of the system downstream of this
pipe.

The pressure pro� les are plotted for two locations in the diffuser
(radius of 1.12 and 1.52) in Fig. 6a and along the volute surface
in Fig. 6b. Good comparisons are obtained at all three locations,
which indicates that the � ow� eld is being predicted fairly well.
In particular, the strong decrease in pressure at the cut-water re-
gion is predicted reasonably well. We note that this low-pressure
region in the cut-water region affects the azimuthal pressure recov-
ery along the diffuser and, hence, the overall performance of the
system.

Fig. 6a Pressure comparisons of the simulations and experiments in
the diffuser section at radius of 1.12 and 1.52.

Fig. 6b Pressure comparisons of simulation and experiments on the
surface of the volute.

Simulation of a High Reynolds Number Pump
Our next set of simulations pertain to a high Reynolds number

pump that has a large body of detailedmeasurementsand � ow visu-
alization data of the blade surfaces and the � ow� eld in the vicinity
of the blade surfaces.16;17 The pump consists of 13-blade IGV and
a 7-blade backward swept rotor. The rotor rotates at 260 rpm and
was tested in water at a Reynolds number of 2.3£ 106 based on the
chordof the IGV blade.There exists a gap (equivalentto 2% of blade
span) between the tip of the rotor and the outer casing that houses
the pump. Simulations were � rst carried out on a hexahedral grid
of a single IGV passage with periodic boundaries and on a multi-
element grid comprising of hexahedral, tetrahedral, and prismatic
elements for the rotor.

The incompressible formulation of CRUNCH CFD18 was uti-
lized for this calculationwith a two-equationk–" turbulencemodel.
Figure 7 shows the IGV geometry and pressure distribution over
the IGV � ow passages and on a planar cut along the midspan.
A hexahedral grid with 250,000 elements was chosen for this
simulation, primarily because of the simplicity of the blade pro-
� le and the IGV geometry (little variation in loading and no tip
gap). Figure 8 shows a comparison of the predicted pressure with
measured values at four different span locations extending from
the hub to the tip. The pro� les indicate good agreement with the

Fig. 7a IGV con� guration with pressure distribution on blade
surfaces.

Fig. 7b Pressure distribution on midspan of the IGV, pressure scale
normalized by ½1u2

1 and freestream density of 996 kg/m3 used with
freestream velocity of 10.67 m/s.
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a)

b)

c)

d)

Fig. 8 Comparison of predicted pressure pro� les with measured data on the stator blade surfaces.

measured data and show a steady decrease in loading from the
hub to the tip. Close to the trailing edge, the suction pressure pro-
� les at all span locations show an adverse pressure gradient. This
corresponds to a small region of reverse � ow near the trailing edge
of the blade.

The rotor simulationswere performedon a mixed elementgrid.A
constant radial cut of the grid is shown in Fig. 9. The grid comprised
203,137 tetrahedral elements, 333,099 hexahedral elements, and
7956 pyramidal elements. The grid was tightly clustered in the tip
gap region and in regions close to the blade surface,hub, and shroud
with hexahedralelements. Becauseof the large spacingbetween the
IGV and the rotor, a mixing plane was determined between the IGV
and the rotor, and the IGV solution (pressure, axial, radial, and
tangential components of velocity) was circumferentiallyaveraged
and imposed as a boundary condition for the rotor. This ensured a
radialdistributionof the � ow variablesfrom the IGV solutionserved
as an in� ow conditionfor the rotor, a condition suf� cient to procure
a steady solution for the rotor.

The pressurepredictionson the rotor bladesurfaces(Figs. 10a and
10b) are compared against measured data at various span locations
in Fig. 11. Again, thepredictedpro� les indicateexcellentagreement
with the measured data. The pressure pro� les show the same trends
in loading that were observedearlier for the stator blades. However,
the loading on the rotor blades is signi� cantly greater than that
was seen in the case of the IGV. This is to be expected because
the rotor blades are responsible for work done by the pump on the
� uid.

The most interestingphenomenonrelated to this particularpump
is the existence of a tip vortex due to the gap between the rotor
blades and the shroud. The pressure difference due to the blade

Fig. 9 Multi-element grid for the rotor: constant radius cut showing
hexahedral region used to capture gradients in the boundary layer with
tetrahedral cells between blade rows.

loading and the relative motion between the blade and the outer
shroud contribute to the formation of a tip-leakage vortex on the
suction side of the blade. The tip-leakage vortex migrates circum-
ferentially close to the shroud in a direction opposing the motion
of the blade rotation. This produces substantial losses that reduce
pump ef� ciency and leads to the onset of cavitation due to the low
pressure in the vortex core. The tip vortex in our simulations is indi-
cated in Fig. 12, where a surface of constantradius close to the blade
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Fig. 10a Rotor con� guration with pressure distribution on blade
surfaces.

Fig. 10b Pressure distribution near midspan of the rotor; pressure
scale normalized by ½1u2

1 and freestream density of 996 kg/m3 used
with freestream velocity of 10.67 m/s.

top is shown. In Fig. 12, levels of turbulent viscosity are shown that
correspond to vorticity and the path of the tip vortex. Note that the
grid resolutiondeterioratesratherrapidlybetween the blades.This is
mostly because the trajectory of the tip vortex is not known a priori,
and subsequent simulations can be carried out with grid re� nement
along this trajectory. As mentioned earlier, the pressure in the vor-
tex core falls below the vapor pressure leading to the formation of
cavitating zones.18 Further investigation needs to be carried out to
capture accurately the pressure drop and cavitation associated with
the tip vortex.

a)

b)

c)

d)

Fig. 11 Comparisonof predicted pressure pro� les with measured data
on rotor blade surfaces.
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Fig. 12 Turbulent viscosity distribution, with tip vortex location on
a surface of constant radius close to the blade tip; turbulent viscosity
levels normalized by molecular viscosity of 8 ££ 10¡4 (N s)/m2 .

IV. Conclusions
The features of a multi-element unstructured methodology have

been demonstratedfor a variety of turbomachineapplicationsrang-
ing from transonic compressors to incompressible axial pumps.
The simulated results are in good agreement with measured data
and reported experimental observations. Furthermore, the multi-
element framework gives increased � exibility in grid generation
for complex con� gurations that are routinely found in turboma-
chinery systems. Because the local grid topology may be tailored
for the � ow requirements, accurate solutions may be obtained with
economical grid sizes by embedding tetrahedral cells while provid-
ing adequate resolution of local phenomena such as blade wakes,
secondary � ow, and blade–wake interaction with high aspect ra-
tio hexahedral cells. The combination of a parallel framework
with domain decomposition strategies and implicit sparse matrix
solvers results in a very ef� cient numerical scheme for large three-
dimensional applications that are the hallmark of most turboma-
chinery systems.
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